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General Relativity in the noncommutative spacetime ofM4 ×Z2 × Z2 is constructed based on a
new type of fermions in addition to the known chiral quark-leptons. While this theory has a finite
physical spectrum, all the known interactions of Nature and Higgs fields can be derived from it as
components of gravity with only four free parameters.
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Noncommutative geometry (NCG) proposed by
Connes [1] is a new concept of spacetime. In particu-
lar, in the two-sheeted spacetime M4 × Z2, Connes and
Lott [2] have applied this idea to the Standard Model
and derived Higgs fields with a quartic potential, which
allows the spontaneous symmetry breaking.
If NCG can be used as the new concept of spacetime
in more general context, General Relativity of Einstein
must make sense in some particular cases of it. The first
attempts to construct the generalized Hilbert-Einstein
action in the Connes-Lott’s spacetime [3] have recovered
the Einstein’s gravity, but without any new physical con-
tent. The spectral action approach [4] to NCG has pro-
vided a unified framework to derive all the interactions
encoded in the Dirac operator. However, like Yang-Mills
theories, it is just a unified description of interactions.
The real unified theory must base on the first principles
of spacetime like the Einstein’s theory does. On the other
hand, in the spectral action approach, it is not transpar-
ent to see how the basic notions of the ordinary Einstein
theory have got new meanings in the new spacetime.
Discretized Kaluza-Klein theory [5] is an alternative
approach to use NCG to unify all the interactions. The
use of discrete extra dimensions allows to avoid infinite
towers of fields, which exist in other multi-dimensional
unified theories. In this theory, the generalized Hilbert-
Einstein action of the Connes-Lott’s spacetime in this
framework contains a finite spectrum of bigravity, bivec-
tor and Brans-Dicke biscalar.
Recently, it has been proven [6] that the Hilbert-
Einstein action of this theory can contain nonabelian
gauge fields only when the gauge group on one sheet must
be abelian or two gauge groups must be the same on both
sheets. This result could have also been interpreted as
an explanation of the chiral gauge symmetries of QCD
and the decoupling of the nonabelian gauge fields from
the right-handed quark-leptons. Based on this result, we
have proposed to use the noncommutative spacetime of
M4 ×Z2 ×Z2 to unify all known interactions and Higgs
fields as components of the generalized gravity [7]. The
idea is straightforward: The 6D-Hilbert-Einstein action
is reduced to the 5D-one together with a 5D SU(2)×U(1)
nonabelian gauge theory. The 5D gauge theory is reduced
further to the 4D one of the electroweak coupled to a
Higgs doublet with a quartic potential following Connes-
Lott’s construction. The 5D Hilbert-Einstein action will
reduced to the 4D one and the gauge theory of strong
interaction.
Let us construct the generalized Hilbert-Einstein in
this spacetime in more details. The noncommutative
spacetimeM4×Z2×Z2 is the usual spacetime extended
by two extra discrete dimensions, each having two points.
Thus, one must add two more differential elements DX5
and DX6 to the usual 4D ones dxµ. This spacetime can
also viewed as two copies of Connes-Lott’s spacetime or
four sheets of the ordinary spacetime. While the fifth di-
mension relates the chiral particles, the physical meaning
of the sixth dimension will need more careful analysis to
be clarified.
The basic building blocks of NCG in our four-sheeted
noncommutative spacetime are the following spectral
triplet:
i) The Hilbert space H = Hv ⊕Hw is a direct sum of
two Hilbert spaces Hu = HuL ⊕ HuR;u = v, w, which in
turns are direct sums of the Hilbert spaces of left-handed
and right-handed spinors. Thus the wave functions Ψ ∈
H can be represented as follows
Ψ(x) =
[
Ψv(x)
Ψw(x)
]
, Ψu(x) =
[
ψvL(x)
ψwR(x)
]
∈ Hu ; u = v, w,
(1)
where the chiral spinors ψuL,R(x) ∈ HuL,R are defined on
the 4D spin manifoldM4. The v-type chiral spinors will
be identified as the usual quark-leptons, while the w-type
ones are new matter fields.
ii) The algebra A = Av ⊕Aw;Au = AuL⊕AuR contains
the diagonal 4× 4 matrix 0-forms F
F(x) =
[
F v(x) 0
0 Fw(x)
]
, Fu(x) =
[
fuL(x) 0
0 fuR(x)
]
∈ Au,
(2)
where fuL,R(x) are real valued operators acting on the
Hilbert spaces HuL,R.
iii) The Dirac operator D = ΓP ∂P = Γµ∂µ + Γ5∂5 +
2Γ6∂6, P = 0, 1, 2, 3, 5, 6 is defined as the following 4 × 4
matrix operator
D =
[
D im1θ ⊗ e
−im1θ ⊗ e D
]
, D =
[
γµ∂µ im2γ
5
−im2γ5 γµ∂µ
]
(3)
where γµ and γ5 are the usual Dirac matrices, θ is a self-
adjoint Clifford element θ2 = 1,m1,m2 are mass parame-
ters. This Dirac operator will give physically meaningful
coupling of gravity to chiral spinors as shown in Ref.[8].
The partial derivatives ∂5 and ∂6 over the discrete di-
mension are defined as follows
∂6F = σ† ⊗ e[D6,F ] = m1(F v − Fw)r⊗ e , (4)
∂5F
u = σ†[D5, F
u] = m2(f
u
L − fuR)r, (5)
where
D5 =
[
0 m1e
−m1e 0
]
, D5 =
[
0 m2
−m2 0
]
(6)
e =
[
1 0
0 1
]
, r =
[
1 0
0 −1
]
, σ† =
[
0 −1
1 0
]
. (7)
The exterior derivative of a 0-form F is given in the fol-
lowing 4× 4 matrix form
DF =
[
DF v im1θ(F
v − Fw)
im1θ(F
v − Fw) DFw
]
DFu =
[
dfuL im2γ
5(fuL − fuR)
im2γ
5(fuL − fuR) dfuR
]
(8)
The generalized 1-forms are defined as follows
U =
[
Uv iθUw6
iθUv6 U
w
]
, (9)
where Uu6 are 5D 2 × 2 matrix 0-forms and Uu are 5D
2× 2 1-form defined as follows
Uu6 =
[
uu6L 0
0 uu6R
]
, Uu =
[
uuL iγ
5uu5R
iγ5uu5L u
u
R
]
, (10)
where uuL, u
u
R are 4D 1-forms, u
u
5L,R, u
u
6L,R are 4D 0-
forms.
The module of 1-forms are spanned by the 4× 4 Dirac
matrices ΓP as follows
U = ΓPUP , Γµ =
[
γµ ⊗ e 0
0 γµ ⊗ e
]
,
Γ5 =
[
iγ5 ⊗ σ 0
0 iγ5 ⊗ σ
]
, Γ6 =
[
0 iθ ⊗ e
−iθ⊗ e 0
]
,(11)
In order to avoid the ”junk forms”, we use the anti-
commutative wedge product of 1-form defined as follows
ΓP ∧ ΓQ = −ΓQ ∧ ΓP = 1
2
[ΓP ,ΓQ] (12)
A generalized 2-form S is spanned in this basis as follows
S = ΓP ∧ ΓQSPQ , SPQ = −SQP (13)
where SPQ are 0-forms.
The generalized Cartan’s structure equations are de-
fined in a perfect parallelism with the ordinary ones.
T E = DEE + EFΩEF (14)
REF = DΩEF +ΩEG ∧ ΩGF , (15)
where T E and REF are the generalized torsion and cur-
vature 2-forms, EE and ΩEF are the generalized vielbein
and Levi-Civita connection 1-forms.
For our convenience, the following convention for the
6D, 5D and 4D flat and curved indexes is used
E,F,G = A, 6˙;A,B,C = a, 5˙; a, b, c = 0, 1, 2, 3
P,Q,R =M, 6;M,N,L = µ, 5;µ, ν, ρ = 0, 1, 2, 3. (16)
The basis elements EE of the locally flat reference
frame are linear transformations of the curvilinear one
DXP with the vielbein coefficients EPE (x) as follows
EE = DXPEEP (x) , DXP = EEEPE (x) (17)
EPE (X)EEQ (x) = δPQ , EPE (x)EFP (X) = δEF (18)
The generalized metric tensor can be introduced via
the vielbein coefficients as follows
GPQ(x) = EPE ηEF EQF , GPQ(x) = EEP ηEFEFQ , (19)
where ηEF = diag(−1, 1, 1, 1, 1, 1).
The Levi-Civita connection 1-forms Ω†EF = −ΩFE are
introduced as a direct generalization of the ordinary ones.
With a generalized torsion free condition [5], one can de-
termine all the Levi-Civita connection 1-forms and hence
the Ricci curvature tensor from the generalized Cartan
structure equations in terms of vielbeins.
The Ricci scalar curvature R6 = ηEGηFHREFGH and
the generalized Hilbert-Einstein action are direct gener-
alizations of the ordinary notions
SHE(6) ∼M2Pl
∫
dx6
√
−det|G|R6, (20)
where MPl is the Planck mass, the integration over the
discrete dimension can be replaced by the trace.
In this paper we will use the following generalizations
of det|g| in 5D and 6D
det|G = Tr6(det|G|G66) , det|G| = Tr5(det|g|G55).
(21)
The dimension reduction is carried out to derive the
4D action from SHE(6) in two subsequent steps. In the
first step, the 6D objects are reduced to the 5D ones as
follows:
Without any loss of generality, the most general 6D
vielbein coefficients are given as follows
EAM =
[
EvAM 0
0 EwAM
]
, EA6 = 0
E 6˙M =
[
AvM 0
0 AwM
]
, E6˙6 =
[
Φv 0
0 Φw
]
, (22)
3where EuAM are a pair of 5-d vielbeins, A
u
M are a pair of
5-d vectors, Φu are a pair of Brans-Dicke scalars.
With the following choice of the vielbein
EvAM = E
uA
M , Φ
v = Φu = 1, (23)
the 6D Ricci scalar curvature is reduced to
R6 = R5 + Lg = R5 − 14GMKGNLJˆMN Jˆ†KL, (24)
JˆMN = ∂MA+N − ∂NA+M + 2m1[A−M , A−N ] ,(25)
where A±M =
1
2 (A
v
M ± AwM ). The gauge field AwM must
be abelian to keep Lg(5) gauge invariant as follows‘
Lg(5) = −1
4
GMKGNL(J†MNJKL +K
†
MNKKL)(26)
JMN = ∂MA
v
N − ∂NAvM + 2m1[AvM , AvN ]
KMN = ∂MA
w
N − ∂NAwM (27)
In the second dimension reduction step, R5 and Lg(5)
are reduced to 4D terms. The gravity sectors of w and v
types are assumed to be the same
EvAM = E
wA
M = E
A
M (28)
Let us follow Ref.[6] to specialize with the following
ansatz
Eaµ = e
a
µe , E
a
5 = E
µ
5˙
= 0 , Eµa = e
µ
ae
E5˙µ = Aµ =
1
M
[
αCiµλ
i 0
0 βCiµλ
i
]
, E5˙5 = Φ =
[
α 0
0 β
]
,
E5a =
1
M
[
eµaC
i
µλ
i 0
0 eµaC
i
µλ
i
]
, E5
5˙
=
[
α−1 0
0 β−1
]
, (29)
where λi, i = 1, ..., 8 are 3× 3 GellMann matrices, Ciµ(x)
are SU(3) gauge fields. The mass parameter M and the
constants α, β will be determined later.
The metric of this vielbein is determined as follows
Gµν = gµνe , Gµν = gµνe+
1
M2
CµCνΦ
2,
Gµ5 =
1
M
gµνCνΦ = G
5µ,
G55 = Φ−2 +
1
M2
gµνCµCνΦ
2,
Gµ5 = G5µ =
1
M
CµΦ
2 , G55 = Φ
2 (30)
Following Ref.[6], we can reduce R5 to the following
SU(3) gauge invariant form
R5 = r4 − 1
4
1
M2Pl
HµνHµν (31)
Hµν = ∂µCν − ∂νCµ + gS [Cµ, Cν ], (32)
gS = 2
m2
M
1− tan θS
1 + tan2 θS
(33)
α =
2M
MPl
cos θS , β =
2M
MPl
sin θS (34)
So, the 5D gravity sector of SHE(6) is reduced to the
following action of QCD coupled to 4D gravity
SQCD =M
2
Pl
∫
dx6
√
−det|G|R5
=
∫
dx4
√
−det|g|(M2Plr4 −
1
4
HµνHµν). (35)
The model has three free parameters m2,M and θS .
However, as we will see later, M and θS are determined
when we couple gravity to the chiral spinors.
Now we can follow Connes-Lott [2] to reduce the 5D
gauge Lagrangian Lg(5) to a 4D one. For our purpose,
we do not consider the w-type gauge fields and choose
the v-type ones AvM as follows
Avµ =
[
AvµL 0
0 AvµR
]
, Av5 =
[
ϕ 0
0 ϕ†
]
. (36)
The physical electroweak gauge vector fields
Eµ(x),W
i
µ(x), i = 1, 2, 3 and the Higgs fields H
α
can be introduced as follows
AvµL =
i
M1
(
g
2
Eµ(x)1− g
′M1
2m
W iµ(x)σ
i)
AvµR =
i
M1
gEµ(x) , ϕ =
1
M2
[
h0 h
∗
1
−h1 h
]
Hα =
[
h0
h1
]
, (37)
where 1 and σi are 2 × 2 unit and Pauli matrices with
the indices α, β = 1, 2.
The 5D v-type gauge sector of the 6D Hilbert-Einstein
action (20) now is reduced to the 4D electroweak action
as follows
Sew =M
2
Pl
∫
dx4− 1
4
GMKGNLJ†MNJKL =
∫
dx4Lg(5)
(38)
We have the following reduction of Lg(5)
Lg(5) = −M
2
Pl
4M21
(g2FµνFµν +
g′2M21
m2
GµνGµν) + LH (39)
L(H¯,H) = Lkin(H¯,H) + V (H¯,H) ,(40)
where
Lkin(H¯,H) = M
2
Pl
2M22
(
M2Pl
4M2
+
4
M2Pl
CνCν)∇µH¯∇µH
=
1
2
(1 +
4
M22
CµCµ)∇µH¯∇µH (41)
V (H¯,H) =
M2Pl
M42
(G55)2(H¯H −m2)2
=
M2Pl
M42
[
M2Pl
4M2
+
4
M2Pl
CµCµ]
2(H¯H −m2M22 )2,(42)
Fµν = ∂µEν − ∂νEµ (43)
Gµν = ∂µWν − ∂νWµ + igw[Wµ,Wν ] (44)
∇µ = ∂µ + i
2
(gAµ + g
′sW iµσ
i) (45)
4In order to have the correct factors for the kinetic terms
of gauge vectors and Higgs field in the reduced Hilbert-
Einstein action, we must have the following relations be-
tween the parameters
g =
M1
MPl
, g′ =
m
MPl
M4Pl = 4M
2M22 , mH =
√
2
mM4Pl
4M22M
2
(46)
At this point, we have successfully derived all the inter-
action and Higgs fields as components of the generalized
gravity in the noncommutative spacetimeM4×Z2×Z2.
We can choose to couple all interactions and Higgs fields
to the chiral spinors in 4D manually as done in Ref.[7].
Our model postulate two types v and w of chiral spinors.
The v-type spinors are the usual quark-lepton fields.
We can speculate different scenarios, when the w-type
spinors couple to the gauge fields. In one scenario, it
might might be a candidate of the dark matter, which do
not interact with electroweak interactions.
The Dirac’s Lagrangian for spinors ψ¯(γµ∂µ + m)ψ is
generalized as follows
Sg−Ψ =
∫
dx6
√
−det|g| 2M
MPl
Tr < Ψ|D|Ψ >
= S(Ψv) + S(Ψw) + S(Ψv,Ψw) (47)
S(Ψu) =
∫
dx5
√
−det|g| 2M
MPl
(< Ψu|ΓAEMA (x)(∂M
+im1A
u
M )|Ψu > (48)
S(Ψv,Ψw) = im1
∫
dx5
√
−det|g| 2M
MPl
(< Ψv|θ|Ψw >
− < Ψw|θ|Ψv >) (49)
Let us reduce the action S(Ψv) to the following 4D
action
S5(Ψ
v) =
∫
dx4
√
−det|g|(< Ψv|ΓAEMA (x)∂M |Ψv >
Sg(Ψ
v) =
∫
dx4
√
−det|g|(< Ψv|ΓAEMA (x)AvM )|Ψv >
S(Ψv) = S5(Ψv) + Sg(Ψv). (50)
In order to obtain the correct Dirac Lagrangian we as-
sume
M =
MPl
2
, (51)
which simplifies the relations (46) to
g =
M1
MPl
, g′ =
m
MPl
M2 =MPl , mH =
√
2m (52)
So, the Lagrangian for the Higgs field is reduced to
L(H¯,H) = 1
2
(1 +
4
M2Pl
CµCµ)∇µH¯∇µH
+ (1 +
4
M2Pl
CµCµ)
2(H¯H −m2)2, (53)
Let us reduce further the 5D actions S5(Ψ
v) and
Sg(Ψ
v) as follows
S5(Ψ
v) =
∫
dx4
√
−det|g|(< Ψv|γaeµa(x)∇µ|Ψv >
+ < Ψv|Γ5Φ|Ψv >) (54)
∇µ = ∂µ + igSAv, (55)
Sg(Ψ
v) =
∫
dx4
√
−det|g|(< ΨvL|γaeµa(x)AvµL|ΨvL >
+ < ΨvR|γaeµa(x)AvµR|ΨvR >
+ < Ψv|ΓaE5a(x)Av5 + Γ5˙E55˙ |Ψv > . (56)
In order to have to correct factors in the above expres-
sions, one must have
gS =
2m2
MPl
, θS =
3pi
8
(57)
In a more general form, our unified model has a fi-
nite physical field content consisting of four gravity, four
Brans-Dicke scalars, eight gauge vectors and two complex
Higgs doublets. We have just shown that all the known
interactions and Higgs fields can be derived from the gen-
eralized Hilbert-Einstein action with specific choices of
the physical fields in accordance to our current knowl-
edge and observations in high energy physics. The min-
imal unified theory has four free parameters: the cou-
pling constants g, g′, gS and the Planck mass MPl. The
derived model contains SU(3) color gauge violation term
(4/M2Pl)C
µCµ and parity violation angle θS = 3pi/8.
In this unified model, we can speculate that the new
w-type chiral spinors do not couple to the electroweak in-
teraction and Higgs fields. The w-type matter might still
interact with the ordinary gravity and the gluon fields.
At the moment, we have no reason to assume that
the gravitations are different for right and left-handed
chiral quark-leptons. However, nothing prevent us from
assuming that the gravity is different for the w-type mat-
ter, which implies the existence of massive gravity, which
might have interesting implications in cosmology [9].
There are still questions in our model to be addressed
in the future research. The most important one is what
is the energy scale, where the theory becomes valid. In
particular, the relations between the coupling constants
and the mass parameters must be discussed and explored
with more detailed elaborations. The hyperfine structure
of Dirac operator must be clarified to describe the mix-
ing parameters and see-saw mechanism for neutrino in a
more realistic model.
Our framework has a shortcoming from the mathemat-
ical point of view that different treatments of differential
forms have been applied in the gauge and gravity sectors.
After the manuscript is completed the new calculations
have shown that it is possible to use the same wedge
product for gravity and gauge theories in NCG, to im-
ply essentially the same results. The additional obtained
terms contain only derivatives of the Brans-Dicke scalars,
5which do not alter the conclusions of this article. The de-
tailed discussions will be given in the subsequent paper
[10].
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